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Abstract 

Two classes of observables defined on the phase space of a particle are quantized, 
and the effects of the Yang-Mills field are discussed in the context of geomètric 
quantization. 
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I. Introduction. 

Let Q be a Riemannian manifold considered as the configuration space of a 
particle, the purpose of this paper is to discuss the quantization of the observables 
on the phase space T*Q of this particle when it is moving under the influence of 
a background Yang-Mills field, the Yang-Mills potential is a connection a on a 
principal bundle N over Q. 

The free G— action on N can be lifted to a Hamiltonian G— action on T*N with 
an equivariant moment map J : T*N — > g*. Let /j £ g*, and denote by the 
coadjoint orbit through \i. Then J~ 1 (O l·l )/G has a canonical symplectic structure 
given by the Marsden-Weinstein reduction [1]. This reduced phase space is the 
appropriate phase space of a particle in a background Yang-Mills field a of charge 
t< [2:- 

We will denote by Q(X) the quantization of the phase space X, suppressing 
in our notation the choices of polarizations and pre-quantization line bundles etc, 
via the Standard procedure of geomètric quantization [3, 4]. Suppose we choose the 
vertical polarization on T*N so that the quantization Q(T*N) of T*N gives L 2 (N). 
Moreover, suppose the co-adjoint orbit C M is integral, so that the quantization of 
this coadjoint orbit gives a irreducible representation space 7í M of G [5] [6]. A the- 
orem of Guillemin-Sternberg [7] (see also [8]) then suggests that the quantization 
of J~ 1 (O l·l )/G is given by Houlg(7í m , L 2 (N)), the space of G— equivariant linear 
maps from 7i M to L 2 (N). And this result holds independent of whether there is 
a Yang-Mills field present in the backgroud. Thus when some technical assump- 
tions are made so that the procedure of geomètric quantization can be carried out 
smoothly, the Yang-Mills field plays no role in the quantization of the phase space 
J-HO,)/G. 

We will discuss the effect of the Yang-Mills field in quantizing observables that 
are lifted from functions on T*Q. We will show that the resulting quantum oper- 
ators are expressed in terms of the covariant derivatives, which is defined by the 
connection a. In particular, we will show that the quantum operators for / of the 
form ||H| 2 + V(q) are expressed in terms of the covariant Laplace operator and 
the Ricci curvature. This is obtained by a Standard Blattner-Kostant-Sternberg 
(BKS) pairing approach [9]. Our results are in agreement with those of Landsman 
[10] who arrived at the conclusion via deformation quantization. 

Outline of this paper is as follows; In section 2 we give a detailed exposition of 
our problem in order to standardize the notations used throughout this paper. As 
a prelude to our result, we note that if the gauge group is abelian, we will recover 
the Dirac quantization of a charge particle in the presense of an electro-magnetic 
field. In section 3 we introduce local coordinates to facilitate our calculation, and 
state some results concerning the Hamiltonian vector fields for our observables. We 
follow closely the treatment of [8] on the polarization chosen for the phase space in 
section 4. Our results when / is polarization preserving are given in section 5, and 
the quantization of |||p|| 2 + V{q) using BKS pairing appears in section 6. 

II. Preliminary discussions. 

Let N be a principal G— bundle over Q where G is compact, with Lie àlgebra 
0, and the group action is on the right. We define two functions R g : N — > N and 
n : G — > N, where 

R g {n) =n(g) = ng, (1) 
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g for each n G N satisfying 

i. Ad 3 -ia(n) = a(ng)R g * : T n N — > g, 

ii. a(n)n* = Id : g — > g. 

The free G— action on iV can be lifted to a Hamiltonian G— action on T*N with 
moment map J : T* iV — > g* given by J(£, n) = n* • £. 
Let N* be the pullback bundle over T*Q: Explicitly, 

— {(p,n) \ p G T*Q where q = 7r(n)}. 

Define a diffeomorphism 

X : iV # x g* -> T*A^, (2) 
(p, ra, //) i-> (£, n) where £ = tt*(» + (//, a) G T*N. 

This map in turn induces an a— dependent projection n a : T*N — > T*Q, and their 
corresponding symplectic forms are related by 

Çl T . N = 7t*O t »q + d(fj,,a). (3) 

One shows that the moment map is simply the projection N# x g* — > g*, z.e., 
X _1 (J _1 ( / u)) = N# x {^j. Thus for each fj,, the G— action on N# induces a 
G— action on J _1 ( / u). This action is non-canonical (R*Qt*n 7^ ^t*ív) in general: 

(Ç t n)»(Ç gt ng) where £ 3 = + Rg-i [(AdJ.! - Id)/i]a(n). 

However, this action coincides with the canonical G— action when restricted to the 
isotropy subgroup 

H = {g G G | Ad> = ^} 

of /la. (There Ad*_i// = /U and £ s = The relevant phase space becomes 

J-^O^/G = J-\v)/H = N*/H x {//}. 

Given an observable on the phase space of the particle / : T*Q — > R, by the 
projection 7r a , the pullback map, which we continue to denote by /, 

/ = </ : T*N ~ iV# x g* — R, (4) 

is invariant with respect to both the canonical G— action and the non-canonical 
one. In particular, / is independent on the charge variables fi G g*. 

We assume that is integral, so that Q(C? M ) = is an irreducible represen- 
tation space of G induced by p M : H — > Í7(l). Choose an orthonormal basis {</>i} 
for 7-^, where 0j is a holomorphic function on the Kàhler manifold G/H [5]. Then 
* G Q(J- 1 (n)/H) = Hom G (H^L 2 (N)) is determined by = G L 2 (A^). 

Using orthonormality of fa and G— equivariance of we write 

* = ^ : AT x G/# -> JV x G G/ií -> C 

which is uniquely determined by -0 = ,eíf) : N — > C with the condition 
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no role in quantizing the relevant phase space, it simply picks up the multiplicity 
of the charge sector in L 2 {N) (cf. [7], [8]). 

If we are to quantize an observable that is a pullback of / on the phase space 
of the particle T*Q, the connection a plays an important role. As an illustration, 
suppose the charge \i G 0* is G— invariant, then H = G. This will be the case if 
for instance G is abelian. Under this condition, J~ 1 {pt)/H is diffeomorphic to T*Q 
via the projection 7r a , and the canonical symplectic form on the reduction space 
pushes forward onto T*Q. So J^d^/H is symplectomorphic to T*Q if T*Q is 
equipped with the "effective" symplectic form íí e fj = Qt*q + (a*>^v) where Ov is 
a two-form on Q which pulls back to the curvature form da on N [11]. It is with 
respect to this effective symplectic form that the quantization procedure must be 
carried out. Since the adjustment is a two form on Q, quantization of T*Q using 
the vertical polarization still gives L 2 (Q). However, Hamiltonian vector fields Jf^ 
associated with observables fi and the Poisson bracket are defined in terms of the 
effective form: 

^eff(^i) -) = -d/, {/i, M = iïeïï(Jff 1 ,Jff2)· 

The quantization of observables must preserve Poisson bracket 

[G(/i),e(/ 2 )] = tfiG({/i,/ 2 }). 

When carry out the geomètric quantization with respect to O e ff, the result is the 
Dirac quantization with a as the vector potential associated with a electro-magnetic 
field (cf. [3]). 

III. The Hamiltonian vector fields. 

Let us first introduce local canonical coordinates n») on T*N so that Qt* n = 
d£jdnj, similarly (p a ,Q a ) on T*Q with VLt*q = dp a dq a , and let a = A si drii where 
i = l... dim N, a = 1 . . . dim Q, s = 1 . . . dim G, and repeated indices are summed. 
For each n G N, let us denote the horizontal lift T q Q — > T n A^ by the matrix Mi a (n), 
i = 1 . . . dim iV, cr = 1 . . . dim Q. We have 

^M lb = 5 ab (5) 
and the covariant derivative is the horizontal lift of Jr— : 

V a = M ia ^-. (6) 
orii 

In these coordinates, the canonical one-form and the symplectic two-form of T*N 
can be calculated using (3) 

X*Çidrii = (va^- + l·i s A sl ^j dm 

X*Ot*tv = ^-dp a drii + /j s ^^- drijdn; + A si d/j s dni. (7) 
orii orij 

Let / : A^^ x q* — > R be a pullback function from T*Q, and let Jf/- be its Hamil- 
tonian vector field 

d d d 

Jfi = B a — + C % — + U„— . 
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Using x*O t *at(^, -) = -df we get 



df dq a 
dq a drii 
df_ 

dp a 

ÈL 

dp s 



= -B 



dq a 



dqa 

a n 

Ci, 



+ fia 



dA 



S'J 



dA,i 



drij drij 



Cj AgjUg, 



dn. 



A S iC{. 



(8) 



Since / is invariant with respect to the canonical G— action, <fflf is tangent to 
the subspace J~ 1 (p) ~ N# x {p}, thus U s = 0. As remarked after (4), / is 
independent of p, thus A s íCí = 0, which implies Jtff is horizontal. Moreover, 
letting B a = -■§£- + E a , we have 



^ 



df d _ d 



dq a dp a dm 



+ E a 



d 

dp a 



The terms in the bracket is the horizontal lift of the Hamiltonian vector field of / 
with respect to the usual symplectic form Qt*q on T*Q. E a satisfies 



E, 



dg a 



Us 



dA 



drii 



drii 



So we summarize the properties of Jtff needed for our purpose. 

Proposition 1. If f : T*N — > R is a pullback of a function on T*Q, then for all 
p G the Hamiltonian vector field Jfy is a vector field on the subspace J~ 1 (p,), 
and as the total space of a principal bundle over T*Q with connection a, Jtf is 
horizontal. If differs from the horizontal lift of the Standard Hamiltonian vector 
field on T*Q by a field in the vertical direction. With respect to the local coordinates 
chosen, we have explicitly: 



3^ 



df d ^ df d 



dq a dp a dp a dru 

Furthermore, we have 



+ fi s M ia M jb 



dA sj 



dA si \ df d 



drii drij J dp b dp a 



(x*Cidrii,Jff) =p a 



dp a 



(9) 



(10) 



IV. Polarization. 

We first state some well known results concerning the quantization of integral 
coadjoint orbits M . Let f) be the Lie àlgebra of H, we say that is integral if 
the map 

v E f) -> 2ivi(v,p) (11) 

is the derivative of a global character, i.e., there is a group homomorpism p^ : H — > 
£7(1) such that /9 M * is the map given in (11). A version of the Borel-Weil theorem, 
due to Kirillov [5] and Kostant [6] asserts that there is a one-to-one correspondence 
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these representations can be construction by the method of geomètric quantization 
applied to the coadjoint orbit M , which we will briefly explain. 

Let C be the prequantization line bundle G x p ^ C over ~ G/H with con- 
nection induced by the map p M . It is known that is a Kàhler manifold with 
complex coordinates with respect to which the G— action is holomorphic. There is 
a Standard G— equivariant polarization quantizing with respect to the line bundle 
and this polarization gives 7Y M whose elements are holomorphic functions on O^. 
The polarization, known as the positive Kàhler polarization, is given by left trans- 
lation of a set of Vk £ <8> C, the complexification of 0, so that the polarization is 
generated by 

V k (Ad g fj) = g*v k E T AdsM M . (12) 
As a polarization, Vk thought of as vectors in T^O^ satisfies 

ftOnivhiVk) = (13) 

where fie> M is the canonical symplectic form on O^. The specifics of the choices 
of Vk will not be important in what follows. It is worth mentioning that Vk is 
contained in the vertical polarization on T*N. 

Consider the complex distribution on iV # x M generated by {-^-,Vk}, it is 

G— equivariant thus projects onto iV # Xg ~ N# /H x {fi}. One checks that the 
image is a polarization which we denote by V [8]. 

It is easy to represent V in local coordinates on iV # ; are vector fields on 

and Vk corresponds to n*Vk as complex vector fields on N, n* as in (1). 
This is so since the assignment (p, n, Ad g fi) i— > (p, np, fi) defines the projection 
N# x ^ N# xaO^ ~ N#/H x {fi}. Thus vector field generated by G-action 
on Ofj, translates to vector field generated by G— action on N. 

The Hilbert space structure on L 2 (N) is given by integration with respect to the 
measure dn = da ^det(g) dq, where da is a Haar measure on G which we transfer 
to a measure on the fiber in the projection N Q and g is the mètric on Q. Using 
the half-form bundle formalism the wavefunctions are of the form t(j(n)Vdn. It is 
clear the the Haar measure will play no role in our consideration as the polarization 
and all Hamiltonians in question are G— invariant. To keep the half-form bundle 
formalism to a minimum, we may identify the wavefunctions as ip(n) det g 1 ^ 4 . We 
will determine explicitly the differential operators corresponding to / so that 

1>(n) detg 1 / 4 ^ [Q(f)if>(n)] detg 1 / 4 . (14) 

In quantizing / that is linear in the momentum variables, the detg 1 / 4 term will 
give rise to the covariant divergence, and for / = |||p|| 2 + V(q), it results in the 
Ricci curvature. The appearance of the Ricci curvature is also reported in [4] . 

V. Polarization preserving case. 

If / : T*Q — > R is linear in p, / = K a (q)p a , then one easily checks, using (9), 
that exptJ^f^V = V. In fact, we have 

Proposition 2. 



(15) 
(16) 
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where the brackets refer to the Lie àlgebra bracket on vector fields. 
Proof. Equation (15) is by direct computation. We have 

^^^-^k+^h < 17 > 

where E\> is independent of p a , and (15) results. 

To show (16), we first realize from Proposition 1 that j£f = W\ + W2 where W\ 
is the horizontal lift of a vector field on T*Q, thus [Wi, Vk] = as 14 is generated 
by the group action on N. W2 is of the form F a -^-. Since Vk is independent 
of p, [W2, Vk] = Vfc(F )^-, where Vk(F a ) refers to applying the vector field as a 
differential operator to the coefhcient function F a . D 

The importance of (16) is that [Jíff, Vk] is a combination of vectors fields in 
V which does not involve the Vu vector fields. According to (7.12) of [3], the 
quantization of / is then given by: 



det g 1 / 4 

= —ih 



dimQ 

JT/^(n) det^/4) + jr^mn) detg 1 / 4 ) 

1 a=l ° qa 



(18) 



^ / 1 dimQ _ 



The Hamiltonian vector field Jéff projects to a vector field V# on N, which is 
the horizontal lift to the projection of Jíff onto Q where V = Kb-§^- Note that 
Jí?f(y/ det g) = V(y/^etg). The divergence of the vector field V on Q is defined [12] 
through the relation 

d * V = div V >Jdetg dq 

The covariant divergence on iV is defined as the divergence of the horizontal lift 
V*. We have 

dim Q _ 

dK a 



dWV=^=V(VteTg)+ J2 4^ 
VdeTg ^ dq a 



Using (17), (18) and the fact that ip is independent of p, we have 

Proposition 3. Q.(f)ip = —ih(K a V a + ^divV)ip where V is the covariant deriv- 
ative with respect to the connection a. 

Since det g is a function of n through q, the divergence and the covariant diver- 
gence are the same. 

VI. BKS pairing case. 

Let V and V' be transversal polarizations on T*iV, denote their associated quan- 
tum spaces by Q and Q' . The BKS pairing gives rise to a map B : Q' — > Q such 
that 

(B(é),ó) = f éé(detu)^ 2 d£ 
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where d£ is the Liouville form d£i . . . d£ n dre-i . . . dn n Since the volume form on N 
is dn — \/det g dre-i . . . dre n , we have 

Bip(n) = -=L= í iPidetu) 1 /^ . . .d£ n (19) 
Vdetg J T * N 

Let / = \g ah p a Pb + V(q), where g ab is the inverse of the mètric g a b- From (9) 
we have 

dV , 1 dg bc \ d „ ab d 



dQ a 2 dQ a / ÚPa ÚTli 

and note the linear dependence of the coefficients on the p variables. We denote by 
Vt = exptJ^f^V, here the two polarizations V and Vt do not intersect transversely. 
We claim 

Proposition 4. Vector fields generated by the group action are inV C\Vt- 
Proof. It sufhces to show that 

d 

Ü(exptJff*V k , ~7{ — ) = (20) 
dp a 

and í2(expí«^*Vfc,Vh) = (21) 

with O as in (7). Let p(p, re, t) and n(p, re, t) denote the flow generated by expir- 
at (p,n) E N# with fi fixed, (p,n,fx) = exptJff(p,n, n). Then exptJ#f*V k = 
Vk{pa)^ + V k (n t )£-. So f2(expt^Vfc, ^) = f^V^i). Recali V fc = n*v k is 
vertical and is the Jacobian of the projection n : N ^ Q. Then 71*77,* = 
implies (20) holds. 

Equation (21) follows from general principle; Since / is G— invariant (with re- 
spect to the non-canonical G— action), Vh is equivariant with respect to the flow: 
expí J#f*Vh(p, re) = Vh(ex.ptJff(p 7 re)). Since the flow of a Hamiltonian vector field 
preserves the symplectic form, we have 

fi(expí^Vfc(p, n),V h (exptJ? f (p,n))) = n(V k ,V h ) = no l·l (vh,v k ) = 0, 

where Vh and v k belongs to a polarization on to begin with (13). □ 

This being the case, quantization of / via BKS pairing involves integrating only 
over the p variables, i.e., the fiber coordinates of the projection II : N# — > N. 
According to (7.20) of [3], together with the similarity transform (14) adjustment 
and the adjustment in the BKS pairing described in (19), 



Qimn)= det)^detW h ít 



Mn) (22) 



t=o 



where * t (n) = (ih)- dimQ/2 I [det u ab ] 1/2 exp(^ _1 L) *(p, re, í) dp, 

Jn-i(n) (23) 

*(p,re,í) = V(n(p,re,í))x [det y(ri(p, re, í))] 1/4 , (24) 

/ d d \ 

u ab = Q[- — ,expí^*-— 1 , (25) 



í (èllpH 2 + ^(9)) -2 / Wre(re,re,s))ds. (26) 
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The manipulation follows closely that of Sniatycki [3] . Making the substitution 
x a = tp a , we have results anàlogues to (7.26) and (7.27) of [3]: 

Proposition 5. 

12 



lim í- dimQ / 2 exp (^^M = (27r^) dimQ / 2 e" ÏSgn(í ' )/4 v / det^ S(x). (27) 

£?_ f -dimQ/2 ( Í_MT\ _ ijï _CP dimQ/2 ( [ 

dt exp U 2é ;~ 2 9ah dx a d Xh t e p U « (28) 



Proof. The first equation follows from the method of stationary phase (cf. [13]), 
which for n— dimensional space reads 

í a(yy k ^dy=( — ) n/2 Y ^H(y)/4_ ^My)_ + n{h -n/2-l } 

J * n V*/ y]d f^ )=0 y/\àebH(y)\ 

The j factor in (27) plays the role of the large parameter k. H is the Hessian of 
cf) which in our case is g^, thus detií = detg -1 and sgn is the signature of the 
mètric. The only stationary point in (27) is x = 0, thus the right hand side of (27) 
has a (dimQ— dimensional) delta function at x = 0. 

The second equation is a straight forward computation. We need the fact that 
5 , a M 5 ,At6 = ò ab , and J2 a ^b9ab9 ab = J2 a ^aa = dimQ in the course of the computa- 
tion. □ 

One checks that uj a b in (29) is 

dq a dfii h 

— — — — = tg + higher order terms m t 
orii op b ' 

using (30) below. Then [det u ab] 1 ^ 2 dp ~ t~ dim( ^/ 2 da;, providing us with the needed 
factor to apply the results of Proposition 5. Thus in determining ^| t _ \I/t(n), we 
need only to consider terms involving t, tp a and t 2 p a pb while ignoring terms of the 
form t 2 p a and all higher order terms. Using (9), the expansion of n, expressed in 
the t and x a variables, up to the relevant terms are 



n;(n, x) =m + M^g^x^ 



dq b ) 2 dq b 
which is independent of t. And *í(n) in (23) is reduced to 



x^x v (30) 



■qj t (n) = {ih)- AiulQ / 2 [ í" dimQ / 2 exp (^^-^ $(n,x,t)dx, 

Jn-i-in) \h 2t J 

where $(n, x,t) = exp(— iTr 1 ^ (q)) x ip(n(n, x)) det g(n(n, x)) 1 ^ 4 . 



/OI \ 
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By applying Proposition 5, integration by parts yields 



Q(/)V(n) = 



( — 2tví) dim Q/ 2 e 7TÍS s^/4 
det g 1 / 4 



h 2 



a 2 $ 



dx a dxb 



x,t=0 



■ t d 



x=í=0 



(32) 



The V det iï term triat appears in the method of stationary phase formula results 
in a g 1 ! 2 factor (27) triat cancels with the det g 1 ! 2 on the right hand side of (22). 

Since n is fixed, we can choose a normal coordinate system [12] around q = ir(n) 
so that = for all fi, v and q a when evaluated at n, (i.e., at x = t = 0). A 
direct computation shows 



d 
dt 



$(ra, x, t) = -i^ _1 V(g)V'(n) det # 1/4 



x=í=0 



Í7a6 



C> 2 



dx a dx b 



$(n,x,t) = det# 1/4 



x=t=0 



dM iu dij; 



drij drii 



(33) 
(34) 



+ g^M % .M 3V 



d 2 ^ 



1 „u,v„ab & 



driidrin ' 4 



+ ~r9 9 



dq a dq b 



Here we have made repeated use of the identity [12 p.302], 



1 d det g 1 d det g dg 



9' 



iv &9[xv 



detg dq b detg dg^ v dq b dq b 
In normal coordinates, the covar iant Laplace operator reduces to 



lAt Jiy driidrij 



(35) 



(36) 



and the Ricci curvature becomes 

r = g^idkTi, - djvi + rj^rj? - r^ m r^) 

Here Y^- are the Christoffel symbols, and the identity 

-pm i -pm i pm r\ 

1 ij.fc + 1 jfc.t + 1 fci,J - U 

is used to show g %v g kfÀ didkg l·U , = —^g^g^didkg^. We must caution the readers 
that these expressions only hold in normal coordinates. However, by combining 
(32-36) we can express our final result in an coordinate invariant form: 

Proposition 6. Quantization of f = h\\p\\ 2 + V(q) gives 



Q(f)iP(n) = (_ 27rz ) dim Q/V lsgn ^/ 4 ( _!L 



Aa+ \R 

6 



+ V(q))^(n). 



We conclude with a final remark. The Yang-Mills field is defined [14] as the 
curvature Va of the Yang-Mills potential et, whereas the contribution of this con- 
nection in the local expression of the symplectic form is deu. They are related 
by 

Va(v,w) = da(hor v, l·ioriü) 
where hor denotes the horizontal projection. Since the vector fields of concern are 
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